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Abstract
Every topology is Tychonoff and crowded (i.e., without isolated points). For a space 〈X,T 〉, let
I (A) denote the set of isolated points of the subspace X \ A and define J (A) = I (A) ∩ A. We
prove that: (1) There exists a T ′ ⊇ T such that A ∈ T ′ if and only if A admits an expansion family
(Definition 3.4); (2) There exists T ′ ⊇ T such that A ∈ T ′ and T ′|A = T |A if and only if J (A)=∅;
and (3) Every T ′ ⊇ T satisfies intT ′ A= intT A if and only if A= intT A ∪ J (A) and A admits no
nonempty partial expansion families.
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1. Introduction
Let 〈X,T 〉 be a Tychonoff space. The spaceX is crowded if it has no isolated points. For
any A⊆ X, the interior of A is denoted by intT A, the subspace topology on A inherited
from T is denoted by T |A and the subspace of A with the topology T |A is denoted by
〈A,T 〉. A subset A is crowded if 〈A,T 〉 is crowded. A Tychonoff topology T ′ ⊇ T is
called a Tychonoff expansion of T .
In [6] (also [7,8,11]) a Tychonoff topology was characterized by a family of real-
valued functions. In [1] it was proved that the topology generated by adding a subset A
is Tychonoff if and only if A is locally closed (i.e., A \A is closed). See also [1,2,9,10,12].
In [4] it was proved that there exists a maximal regular space and that a maximal regular
space is a maximal Tychonoff space. Maximal Tychonoff topologies are ultradisconnected
(see [4]), i.e., a subset A of which is clopen if and only if both A and its complement
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are crowded. There are maximal Tychonoff topologies that are not submaximal (see [5]),
where a space is submaximal if every dense subset is open.
Crowded Tychonoff expansions in which a given set is open are requested in the study of
maximal topologies and resolvability problems. In this paper, we study crowded Tychonoff
expansions in which a given crowded subset is open and the maximality of the interior of
a crowded subset (i.e., every Tychonoff expansion does not enlarge the interior).
Let 〈X,T 〉 be a Tychonoff space and let A be a crowded subset. Let I (A) denote the set
of isolated points of the space 〈X \A,T 〉 and define J (A)= I (A)∩A. A crowded subset
B ⊆ A is called pseudo-dense in A if I (A) ⊆ B . A family A of crowded subsets of A is
called an expansion family for A if (1) J (A) ⊆⋃A; (2) for any F ∈ A, F ∩ I (A) = ∅;
(3) for any F1,F2 ∈A<ω the set ⋂F∈F1 F ∩
⋂
F∈F2(A \ F) is either empty or crowded;
and (4) for any F ∈A<ω the set ⋂{X \ F : F ∈F} is pseudo-dense in A, and A is called
a “partial expansion family” if it satisfies the condition (2)–(4). We prove in Theorem 3.5
that there exists a crowded Tychonoff expansion in which a crowded subset A is open if
and only if there exists an expansion family for A. In fact, each new open set added in
the construction of Theorem 3.5 is either a subset of A or the complement of some subset
of A. Hence the subspace topology on X \ A does not change under the expansion. On
the other hand, we prove in Theorem 4.1 that there exists a crowded Tychonoff expansion
T ′ ⊇ T such that A ∈ T ′ and T ′|A = T |A if and only if J (A) = ∅. In Theorem 4.3, we
prove that every crowded Tychonoff expansion T ′ ⊇ T satisfies intT ′ A = intT A if and
only if A= intT A∪ J (A) and A admits no nonempty partial expansion families.
2. Preliminary
Definition 2.1 and Lemma 2.2 are basically the Notation 4.1 and Lemma 4.2 in [3],
respectively.
Definition 2.1. Let 〈X,T 〉 be a Hausdorff space and let 〈Y,T ′〉 be a Tychonoff space. For
any function f :A→ Y with A a crowded subset of X, let Tf be the topology on X for
which the family T ∪ {f−1(V ): V ∈ T ′} is a subbase.
Lemma 2.2. Let 〈X,T 〉 be a Hausdorff space and let 〈Y,T ′〉 be a Tychonoff space. Let
f :X→ Y be an arbitrary map.
(1) If T is regular (respectively, Tychonoff ) then Tf is regular (respectively, Tychonoff );
(2) 〈X,Tf 〉 is crowded if and only if for all V ∈ T ′ the set f−1(V ) is either empty or
crowded. ✷
Definition 2.3. A collection {Fα: α < κ} of families of sets is “compatible” if the
union
⋃{Fα: α < κ} is a subbase for a crowded topology; and a family of functions
F = {fα : α < κ} from subsets of a space 〈X,T 〉 to other Tychonoff spaces is “compatible”
over 〈X,T 〉 if the collection {Tfα : α < κ} is compatible.
Lemma 2.4 is obvious.
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Lemma 2.4. Let 〈X,T 〉 be a Tychonoff space and let {〈Yα,T ′α〉: α < κ} be a family of
Tychonoff spaces. For each α < κ let fα :X→ Yα be an arbitrary function. The family
{fα : α < κ} is compatible over 〈X,T 〉 if and only if there exists a crowded Tychonoff
expansion Te of T which makes each fα continuous. ✷
In the rest of this paper, every space is assumed to be crowded.
Definition 2.5. Let 〈X,T 〉 be a Tychonoff space and let A⊂X be a crowded subset.
(1) A function g :A→ I is called a “witness” for A if {g} is compatible over 〈X,T 〉. The
“lift” of g is the function f :X→ I such that f (x)= g(x) for x ∈ A, and f (x)= 1
otherwise.
(2) A collection W of witnesses for A can be “compatibly lifted” if the family {f : f is
the lift of some g ∈W} is compatible over 〈X,T 〉.
(3) A collection W of witnesses for A is called a “witness family” for A if the family
{g−1([0,1)): g ∈W} covers A.
It turns out that there exists a Tychonoff expansion in which A is open if and only if
there exists a witness family for A that can be compatibly lifted.
Lemma 2.6. Let 〈X,T 〉 be a Tychonoff space and let A be a crowded subset. For any
collection W of witnesses for A, there is a Tychonoff expansion T ′ of T which makes the
lift of each element in W continuous if and only if W can be compatibly lifted.
Proof. (⇒) Trivial. (⇐) By Lemma 2.4. ✷
Lemma 2.7. Let 〈X,T 〉 be a Tychonoff space and let A be a crowded subset. Then there
exists a Tychonoff expansion of T in which the set A is open if and only if there exists a
witness family for A which can be compatibly lifted.
Proof. (⇐) By Lemma 2.6 and the fact that
A=
⋃{
g−1
([0,1)): g ∈W}=
⋃{
f−1
([0,1)): f ∈W ′}.
(⇒) Let T ′ be a Tychonoff expansion of T in which A is open. For each p ∈ A, there
exists a continuous map fp : 〈X,T ′〉 → I such that fp(p) = 0 and fp(X \ A) = 1. Let
gp = fp |A. Then the familyW of these functions gp’s is as required. ✷
3. Pseudo-dense subsets
The existence of witness families for a set A in a space 〈X,T 〉 relates to isolated points
of 〈X \A,T 〉.
Definition 3.1. Let A be a crowded set of a space 〈X,T 〉. Let I (A) be the set of isolated
points of 〈X \A,T 〉 and set J (A) := I (A) ∩A. A crowded set B ⊆ A is called “pseudo-
dense” (in short, p-dense) in A if I (A)⊆ B .
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If B is dense in A then B is pseudo-dense in A. If X \ A has no isolated points, then
every crowded subset of A is pseudo-dense in A, in which case, we can find ω-many
pairwise disjoint p-dense subsets in A.
Theorem 3.2. Let 〈X,T 〉 be a Tychonoff space and letA be a crowded subset. A compatible
collection W of witnesses for A can be compatibly lifted if and only if every intersection
of the form ⋂{g−1i ((ri ,1]): ri ∈ [0,1), i  k} with {g0, . . . , gk} ⊆W is p-dense in A.
Proof. (⇐) Let W ′ = {f : f is the lift of some g ∈W}. Fix (k + 1)-many witnesses
{g0, g1, . . . gk} ⊆ W . Let {Vi : 0  i  k} be (k + 1)-many nonempty open sets of I
and let V be a nonempty open set in 〈X,T 〉. Set H := f−10 (V0) ∩ · · · ∩ f−1k (Vk) and
K := V ∩H . If 1 /∈ V0 ∩ · · · ∩ Vk , say 1 /∈ V0, then H ⊆ f−10 (V0)= g−10 (V0)⊆A. Hence
K = V ∩H = V ∩ g−10 (V0) ∩ · · · ∩ g−1k (Vk). Since W is compatible over 〈X,T 〉, the set
K is either empty or infinite.
Let us assume that 1 ∈ V0 ∩ · · · ∩ Vk . We consider three cases:
(1) V ∩ (X \A) is infinite;
(2) V ∩ (X \A) is empty; and
(3) V ∩ (X \A) is a nonempty finite set.
For (1), we have K ⊇ V ∩ (X \ A). Hence K is infinite. For (2), we have V ⊆ A and
K = V ∩ H = V ∩ g−10 (V0) ∩ · · · ∩ g−1k (Vk). Since W is compatible over 〈X,T 〉, the
set K is either empty or infinite. For (3), let x ∈ V ∩ (X \ A). Then x is an isolated
point in the subspace 〈X \ A,T 〉. Since g−10 (V0) ∩ · · · ∩ g−1k (Vk) is p-dense in A, the
set K ⊇ V ∩ g−10 (V0) ∩ · · · ∩ g−1k (Vk) is infinite. For each of the three cases, the set K is
either empty or infinite. HenceW ′ is compatible over 〈X,T 〉.
(⇒) Suppose W can be compatibly lifted. Fix an intersection H ′ =⋂{g−1i ((ri,1]):
ri ∈ [0,1), i < n} with {g0, . . . , gn−1} ⊆W and set H :=⋂{f−1i ((ri ,1]): fi is the lift of
gi}. Clearly H =H ′ ∪ (X \A). For x ∈ I (A) and any open neighborhood V of x such that
V ∩ (X \A)= {x}, we have V ∩H = V ∩ (H ′ ∪ (X \A))= (V ∩H ′)∪ (V ∩ (X \A))=
(V ∩ H ′) ∪ {x}, which should be infinite by the assumption that W can be compatibly
lifted. Hence V ∩H ′ = ∅ and x ∈H ′. Therefore the set H ′ is p-dense in A. ✷
Example 3.3. (a) Let A = R \ Z, where R is the real line with usual topology and Z
is the set of integers. Choose an one–one map from the set of connected components in
A onto the rational numbers in I . In this way, we have a map g :A→ I . Clearly, g is
compatible. Consider the lift f . Choose n ∈ Z such that both g((n − 1, n)) < r < 1 and
g((n,n+ 1)) < r < 1 for some r ∈ I . Then (n− 1, n+ 1)∩ f−1((r,1])= {n}. Hence f is
not compatible.
(b) Let A = [0,1) ∪ (1,2]. Let g1 :A → I be such that g1(x) = x on [0,1) and
g1((1,2])= 0, and let g2 :A→ I be such that g2(x)= 2− x on (1,2] and g2([0,1))= 0.
It is easy to verify that both lift f1 of g1 and the lift f2 of g2 are compatible. However, the
family {f1, f2} is not compatible, since f−11 ((0,1])∩ f−12 ((0,1])∩ (0,2)= {1}.
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Eric van Douwen in [4] introduced the concept of “ultradisconnected”: a space X is
ultradisconnected if a proper subset A of X is clopen if and only if both A and X \ A
are crowded. It was proved in the same paper (Fact 1.6) that if i ∈ {1,2,3} then maximal
Ti -spaces are ultradisconnected. In the same paper, it was shown that a space is maximal
regular if and only if X is regular and ultradisconnected (Theorem 1.8) and a maximal
regular space is extremally disconnected and hence zero-dimensional (Corollary 1.7).
Therefore a Hausdorff space is maximal regular if and only if it is maximal Tychonoff
(see also [5]).
In the following we introduce the concept of “expansion family”. We prove in
Theorem 3.5 that there is a Tychonoff expansion in which a set A is open if and only
if A admits an expansion family.
Definition 3.4. Let A be a crowded subset in a Tychonoff space 〈X,T 〉 and let A be a
family of crowded subsets of A. The family A is called an “expansion family for A” if it
satisfies the following four conditions, and A is called a “partial expansion family” if it
satisfies condition (2), (3) and (4).
(1) J (A)⊆⋃A;
(2) for any F ∈A, F ∩ J (A) = ∅;
(3) for any F1,F2 ∈A<ω the set ⋂F∈F1 F ∩
⋂
F∈F2(A \ F) is either empty or crowded;
and
(4) for any F ∈A<ω the set ⋂F∈F (A \F) is p-dense in A.
Condition 2 and 4 in Definition 3.4 imply that each F ∈A is not open in 〈A,T 〉. When
J (A)= ∅, the empty set is an expansion family for A.
Theorem 3.5. Let 〈X,T 〉 be a Tychonoff space and let A be a crowded subset. There exists
a Tychonoff expansion in which A is open if and only if A admits an expansion family.
Proof. (⇒) Let T ′ be a Tychonoff expansion of T such that A ∈ T ′. By Zorn’s lemma, we
can expand the topology T ′ to a maximal Tychonoff topology. Without loss of generality,
we assume that T ′ is a maximal Tychonoff topology. Hence T ′ is extremally disconnected.
For each x ∈ J (A), choose an open set Vx ∈ T ′ such that x ∈ Vx ⊆ VxT ′ ⊆ A and
Vx
T ′ = A. Let Ax = VxT ′ . Since T ′ is extremally disconnected, we have Ax ∈ T ′. We
claim that the family {Ax : x ∈ J (A)} is an expansion family for A. Clearly, the family
{Ax : x ∈ J (A)} satisfies condition (1)–(3) in Definition 3.4. It remains to show that
it satisfies condition (4). Fix {x1, . . . , xn} ⊆ J (A). If the set ⋂in(A \ Axi ) is not p-
dense in 〈A,T 〉, then for some point y ∈ I (A) and an open neighborhood Uy ∈ T of y
with Uy \ {y} ⊆ A, we have Uy ∩⋂in(A \ Axi ) = ∅. Hence Uy ∩
⋂
in(X \ VxiT
′
) =
Uy ∩ [(X \A)∪⋂in(A \Axi )] =Uy ∩ (X \A)= {y}, which contradicts the assumption
that T ′ is crowded. Therefore, the set ⋂in(A \Axi ) is p-dense in 〈A,T 〉.
(⇐) Let A be an expansion family for A. We construct a witness family for A in the
following way.
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(1) For each x ∈ A \ J (A), let Ux be an open set such that x ∈ Ux ⊆ UxT ⊆ X \ J (A).
Since 〈A,T 〉 is a crowded Tychonoff space, we can find a continuous map gx :A→ I
such that gx(x)= 0 and gx(A \Ux)= 1.
(2) For each x ∈ J (A), choose an element Ax ∈ A such that x ∈ Ax . For this Ax , we
can find a continuous map g′x : 〈Ax,T 〉 → I such that g′x(x)= 0. Let gx be the map
gx : 〈A,T 〉→ I such that gx |Ax = g′x and gx(A \Ax)= 1.
We need to show that (a) the family of these gx ’s is a compatible witness family for A;
and (b) it satisfies the sufficient condition in Theorem 3.2, and hence it can be compatibly
lifted. For (a), we show that each B =U ∩⋂{g−1xi (Vi): Vi is open in R,0 i  n} is either
empty or crowded, where U ∈ T and {x0, . . . , xn} ⊆A.
If xi /∈ J (A) for some i , then g−1xi (Vi) is an open set in 〈A,T 〉, which can be written
as U ′ ∩ A for some U ′ ∈ T . Hence B = (U ∩ U ′ ∩ A) ∩⋂j =i g−1xj (Vj ) = (U ∩ U ′) ∩⋂
j =i g−1xj (Vj ). Therefore, the task is reduced to prove that for any {x0, . . . , xn} ⊆ J (A),
each B of the form B = U ∩ ⋂{g−1xi (Vi): Vi is open in R, i  n} is either empty or
crowded. We can further classify g−1xi (Vi) by the condition whether 1 ∈ Vi or not. In
this way, the set B can be written as B = U ∩ H1 ∩ H2, where H1 =⋂{g−1xi (Vi): 1 /∈
Vi, i  k} and H2 =⋂{g−1yj (Wj ): 1 ∈Wj , j  m}. Certainly the set H1 is an open set
in
⋂
ik Axi , i.e., H1 = U ′ ∩
⋂
ik Axi where U ′ ∈ T . For each j  m, write g−1yj (Wj )
as Kj ∪ (A \ Ayj ), where Kj = g−1yj (Wj ) ∩ Ax . Clearly, each Kj is an open subset in
Ax and hence for any A ⊂ {0,1, . . . ,m}, the set ⋂j∈AKj is an open set in
⋂
j∈AAyj .
Write H2 as
⋂
jm[Kj ∪ (A \ Ayj )] =
⋃
A⊆{0,...,m}[
⋂
j∈AKj ∩
⋂
j /∈A(A \ Ayj )]. Then
B = U ∩H1∩H2 =⋃A⊆{0,...,m}[U ∩U ′ ∩
⋂
ik Axi ∩
⋂
j∈AKj ∩
⋂
j /∈A(A\Ayj )], which
is a union of either empty set or crowded subsets. Hence B is either empty or crowded. This
completes the proof for (a).
It remains to show (b) that the family {gx : x ∈ A} satisfies the sufficient condition in
Theorem 3.2, i.e., for any ri ∈ [0,1) and xi ∈ A, the set ⋂{g−1xi ((ri,1]): i = 1, . . . , n} is
p-dense in A. Write
⋂{g−1xi ((ri ,1]): i = 1, . . . , n} as H ∩K where H is the intersection of
those gxi ’s with xi /∈ J (A), and K is the intersection of those gxi ’s with xi ∈ J (A). Then
K ⊆ (K ∩H)∪ (K ∩ (A \H))=H ∩K ∪K ∩ (A \H). It is clear that for each x ∈ I (A)
we have x /∈A \H ⊇K ∩ (A \H). Hence I (A)∩K ∩ (A \H)= ∅. Since K contains the
intersection of some (A \Axi )’s, the set K is p-dense in A. Hence I (A)⊆K and therefore
I (A)⊆H ∩K . ✷
4. Subspace topologies
Borges in [1] showed that the topology generated by T ∪ {A} is Tychonoff if and only
if A is locally closed. Since I (A) ⊆ A \A, if A is locally closed then I (A) ⊆ A \ A and
hence J (A)= ∅. When both A and X \A are crowded we have I (A)= ∅ = J (A). In the
following theorem, we give a characterization for the condition J (A)= ∅. It is clear that
J (A)= ∅ if and only if the empty set is an expansion family for A.
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Theorem 4.1. Let A be a crowded subset of a Tychonoff space 〈X,T 〉. There exists a
Tychonoff expansion T ′ of T such that A ∈ T ′ and T |A = T ′|A if and only if J (A)= ∅.
Proof. (⇐) For each z ∈ A, since J (A)= ∅ there exists an open set Uz such that z ∈ Uz
and Uz ∩ I (A) = ∅. Let g′z be a continuous map from 〈X,T 〉 into I such that g′z(z) = 0
and g′z(X \Uz)= 1. Let gz be the restriction of g′z to A.
Now let W be the family of these gz’s. It is easy to see that W is a compatible
witness family. To show thatW satisfies the sufficient condition in Theorem 3.2, i.e., every
nonempty set of the form
⋂{g−1zi ((ri ,1]): ri ∈ [0,1), i  k} with {z0, . . . , zk} ⊆ A is p-
dense in A, it suffices to note that Uz ∩ I (A) = ∅ and gz(X \ Uz) = 1 for any z ∈ A,
and hence I (A) ⊆⋂ik(X \ Uzi ) ⊆
⋂{g−1zi ((ri,1]): ri ∈ [0,1), i < n}. Hence W can
be compatibly lifted. Clearly, the subspace topology on A does not change under the
expansion constructed in Theorem 3.2.
(→) Let T ′ ⊇ T be such that A ∈ T ′ and T |A = T ′|A and let x ∈ I (A)T \ I (A). We
want to show that x /∈ A. Let us assume toward a contradiction that x ∈ A. Since A is an
open set in T ′ and T |A = T ′|A, there exists an open set V ∈ T such that x ∈ V ∩ A ⊆
V ∩AT ′ ⊆ A. Since x ∈ I (A)T \ I (A), we have V ∩ I (A) = ∅. Choose y ∈ V ∩ I (A).
Then there exists an open set U ∈ T such that y ∈ U ⊆ V and U \ {y} ⊆ A. Hence
U \ {y} ⊆ V ∩A. But now in the topology T ′ the nonempty open set U ∩ (X \V ∩AT ′)⊆
({y} ∪ (V ∩A))∩ (X \ V ∩AT ′)= {y}, which contradicts with the assumption that T ′ is
crowded. Hence x /∈A and J (A)= ∅.
Example 4.2. Let A= {0} ∪⋃{( 1
n+1 ,
1
n
): n = 1,2, . . .}. Then J (A)= {0} = ∅. An easy
argument shows that there are ω-many pairwise disjoint dense subsets {An: n < ω} of A.
Now, the family {{0} ∪ An: n < ω} is an expansion family for A. By Theorem 3.5 and
Theorem 4.1, there exists a Tychonoff expansion on the real line in which A is open, while
there are no Tychonoff expansions which satisfy the conditions in Theorem 4.1
In [5] (Theorem 1.8), the authors proved that if a Tychonoff space 〈X,T 〉 contains a
non-closed discrete subset D, then there is a maximal Tychonoff expansion of T in which
A :=X \D is not open and in which the set D is still a non-closed discrete subset. Hence
there exists a Tychonoff space 〈X,T 〉 and a crowded subset A such that J (A) = ∅ and
there are no Tychonoff expansions of T in which A is open.
In the following theorem, we give a characterization of maximality of the interior of a
crowded subset.
Theorem 4.3. Let 〈X,T 〉 be a Tychonoff space and let A be a crowded subset. Every
Tychonoff expansion T ′ ⊇ T satisfies intT ′ A = intT A if and only if A= intT A ∪ J (A)
and A admits no nonempty partial expansion families.
Proof. (⇐) Suppose for a contradiction that there exists a Tychonoff expansion T ′ ⊇ T
such that intT ′ A = intT A. Without loss of generality, we assume T ′ is a maximal
Tychonoff topology. Let x ∈ intT ′ A \ intT A and let U ∈ T ′ be such that x ∈ U ⊆ UT ′ ⊆
A. Set Ax = UT ′. Since T ′ is extremally disconnected, we have Ax ∈ T ′. Since A =
intT A ∪ J (A), we have x ∈ J (A) and Ax ∩ J (A) = ∅. Towards a contradiction, we show
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that {Ax} is a partial expansion family for A. It is clear that {Ax} satisfies condition (2)
and (3) in Definition 3.4. We show that it satisfies condition (4). For any y ∈ I (A) and any
open neighborhood V ∈ T such that V \ {y} ⊆A, if V ∩ (A \Ax)= ∅ then V \ {y} ⊆Ax .
Now, we have the nonempty open set V ∩ (X \ Ax) = V ∩ [(X \ A) ∪ (A \ Ax)] =
V ∩ (X \A)= {y} in 〈X,T ′〉, which contradicts with the assumption that T ′ is crowded.
Hence y ∈A \Ax and the family {Ax} is a partial expansion family for A.
(⇒) For any x ∈ A \ J (A), choose an open neighborhood x ∈ U ∈ T such that
U ∩ I (A) = ∅. Clearly, the set U ∩A ∩ A is crowded. We show that I (U ∩A ∩ A)= ∅.
Suppose for a contradiction that y ∈ I (U ∩A∩A). Then there exists an open neighborhood
V such that y ∈ V and V \ {y} ⊆ U ∩A ∩ A. Clearly, we have y ∈ U ∩A. Hence y /∈ A
and V \ {y} ⊆ A, which implies y ∈ I (A). Hence y ∈ U ∩A ∩ I (A) ⊆ U ∩ I (A), which
contradicts with our choice of U . Therefore, we have I (U ∩A∩A)= ∅. By Theorem 4.1,
there exists a Tychonoff expansion T ′ ⊇ T such that U ∩A ∩A ∈ T ′. Hence x ∈ intT ′ A.
Since intT ′ A= intT A, we have x ∈ intT A. Hence A= intT A∪ J (A).
If A admits a nonempty partial expansion family A, then use the construction in the
proof for the sufficient condition of Theorem 3.5, we construct a Tychonoff expansion
in the following way. For some x ∈ J (A) and some Ax ∈ A such that x ∈ Ax , let
g′x : 〈Ax,T 〉 → I be such that g′x(x)= 0 and let gx : 〈A,T 〉 → I be such that gx |Ax = g′x
and gx(A \ Ax) = 1. The same proof can be used to show that the family W := {gx}
is a compatible collection of witnesses for A and that W can be compatibly lifted. By
Lemma 2.6, there exists a Tychonoff expansion T ′ ⊇ T which makes the lift of gx
continuous. In T ′, the set g−1x ([0,1)) is an open set which is contained in Ax ⊆ A. Hence
x ∈ intT ′ A. Therefore x ∈ intT A, which contradicts with the assumption that x ∈ J (A).
Hence A admits no nonempty partial expansion families. ✷
The existence of an expansion family consisting of infinitely many pairwise disjoint
subsets is not a necessary condition for the existence of a Tychonoff expansion in which a
set A is open. Nor is it a necessary condition for the empty set to be an expansion family
for a set A. Both of above assertions can be demonstrated by the following example.
Example 4.4. There is a Tychonoff space 〈X,T 〉 and a non-open crowded subset A such
that I (A) = ∅, J (A)= ∅ and A admits no expansion families consisting of infinitely many
pairwise disjoint subsets.
Let I = (0,1) be the unit interval in the real line with the usual topology. Define
B := [0,1) \ [(Q ∩ (1/2,1)) ∪ {1/n: n = 3,4, . . .}], where Q is the set of relational
numbers. Clearly, we have I (B) = {1/n: n = 3,4, . . .} and J (B) = {0}. Since B has
infinitely many disjoint dense subsets, by Theorem 3.5, we can expand the topology on the
real line to a Tychonoff topology T so that the set B is open and B admits no expansion
families consisting of infinitely many pairwise disjoint subsets while the subspace topology
on R \ B does not change. Now consider the set A= B ∪ {1} in the space 〈A,T 〉. Since
the subspace topology on R \ B does not change, there exists no open neighborhood of
1 in T which is contained in A. Hence A /∈ T and 1 is not an isolated point in 〈A,T 〉,
which implies A is a non-open crowded subset in 〈R,T 〉. It is clear that in T we have
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I (A)= {1/n: n= 3,4, . . .} and J (A)= ∅. Since B does not admit any expansion families
consisting of infinitely many pairwise disjoint subsets, neither does A. ✷
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